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Frustration induced quasi-many-body localization without disorder
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Motivated by the question of whether disorder is a prerequisite for localization to occur in quantum
many-body systems, we study a frustrated one-dimensional spin chain, which supports localized
many-body eigenstates in the absence of disorder. When the system is prepared in an initial state
with one domain wall, it exhibits characteristic signatures of quasi-many-body localization (quasi-
MBL), including initial state memory retention, an exponentially increasing lifetime with enlarging
the size of the system, a logarithmic growth of entanglement entropy, and a logarithmic light cone
of an out-of-time-ordered correlator. We further show that the localized many-body eigenstates can
be manipulated as pseudospin-1/2s and thus could potentially serve as qubits. Our findings suggest

a new route of using frustration to access quasi-MBL and preserve quantum coherence.

The localization of a single quantum particle due to
disorder has been well understood by Anderson local-
ization [1]. In recent years, the interacting version of
Anderson localization - many-body localization (MBL)-
has received a lot of attention[2-19]. Many-body lo-
calized systems fail to thermalize under their own dy-
namics, leading to a breakdown of the conventional
paradigm of quantum statistical mechanics and several
intriguing applications, ranging from realizing phases of
matter forbidden in equilibrium [10-13] to quantum in-
formation processing [14, 15]. Recent experiments with
ultracold atoms [17, 18] and trapped ions have demon-
strated the existence of the many-body localized phase
[19], as well as time-crystals, a new state of matter
brought by MBL in periodically driven systems [20].

Whereas early studies of MBL required the presence
of static disorder, some recent efforts have attempted
to address whether essential aspects of MBL can be ob-
served in disorder free systems. Several of these pro-
posals require multiple species or degree of freedoms.
For instance, some researchers have put forward a gen-
eral class of models involving two species of particles,
one heavy and one light. The heavy particles produce
a quasi-static disorder potential for the light particles,
leading to localization [21-24]. It has been suggested
that this class of translation-invariant systems could ex-
hibit quasi-MBL, where characteristic features of MBL
can be observed up to certain time scales, and ergodicity
is restored at longer times. Other works have exploited
quantum versions of classical glass models [26, 27] and
models involving both spin and fermionic degrees of free-
dom, the latter of which have interesting connections to
lattice gauge theories [28, 29].

In this Letter, we take a different route and show
that quasi-MBL can be accessed in a frustrated 1D spin
chain, which offers a new platform for preserving quan-
tum memories in many-body systems. Compared to
other systems supporting MBL and quasi-MBL, this
system has a number of merits in both fundamental
and practical aspects. Unlike systems with disorder or

FIG. 1. Schematic picture of the frustrated one-dimensional
spin chain given in eq.(1). For a wide range of values of
J'/J., this model exhibits signatures of quasi-MBL.

quasi-periodic potentials, all single-particle states in our
systems are extended ones in real space. The localized
states originate purely from many-body effects, rising
from the interplay between interaction and frustration.
Different from multi-species models where multiple en-
ergy scales are important, here, the main ingredient in
determining the lifetime of the quantum memory is the
size of the system. In experiments, it is relatively easy
to realize such a vanilla model, as it requires only one
species of particles. Our results thus suggest that frus-
tration could serve as a new breeding ground for study-
ing quasi-MBL in both theory and experiments.

As shown in Fig.1, our model contains both the near-
est neighbor coupling J and the next nearest neighbor
coupling J'. The Hamiltonian is written as

J J’
H=> J.S:5 + (§Sjs;1 + 55;5;2 + h.c),

(1)

where S¥ = Lo¥, SF = S7 £iSY, 0/=""" being a Pauli
matrix defined at site ¢, and J'/.J, < 0.

Whereas the ground states of such frustrated mod-
els and related ones have been explored thoroughly in
the literature [30-32], quantum dynamics has been less
studied. Here, using exact diagonalization and an effec-
tive model, we solve the Hamiltonian in Eq. (1) in a
lattice with L sites and open boundary conditions. We
show that this Hamiltonian gives rise to essential sig-
natures of quasi-MBL, including initial state memory
retention, an exponentially increasing lifetime with en-
larging the size of the system, a logarithmic growth of
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FIG. 2. The memory retention, P(t) = [(1)(0)|¢)(t))|?, of

an initial state with one domain wall (| T ... T} ... |)),
when J, = J. For a wide range of J'/J,, P(t) remains finite
for a long time. Dashed horizontal lines represent |a|* (see
text). The black circle denotes the quasi-MBL lifetime, t*.
The inset shows t* (when J' = —0.15J;), which increases
exponentially with the system size.

entanglement entropy, and a logarithmic light cone of
an out-of-time-ordered correlator. Our results suggest
that a large class of models with frustration could serve
as a new breeding ground for quasi-MBL, an aspect not
addressed before.

Initial State Memory Retention: A direct test of MBL
and quasi-MBL is examining the initial state memory
retention, i.e., the overlap of the state at a later time
t > 0 with the initial one at t = 0:

P(t) = [{(0)[e(1))[%, (2)

which is a type of Loschmidt echo. The rationale behind
this diagnostic is that the memory of the initial state
decays exponentially in ergodic systems, while for MBL
and quasi-MBL phases, P(t) is expected to remain finite
as time goes on. In quasi-MBL, the memory of the
initial quantum state is retained only up to a certain
time scale, which grows exponentially with increasing
the size of the system, as shown later.

We consider an initial state |¢r) = |1+ ... 1L ... })
(or its mirror image Z|¢r) = | | ... {1 ... 1)), which
has only one domain wall separating the left L/2 sites
occupied by spin-up and the other half sites occupied by
spin-down, as analogous to the state studied a recent
ultracold atom experiment in two dimensions [18]. Z
is the inversion operator that swaps the spins between
the left and the right half of the chain. To simplify
notations, we have chosen an even L and put the domain
wall at the center of the system, as denoted by o in Fig.2.
When the size of the system is large enough, there is

essentially no difference between L and L+ 1 sites. The
exact initial position of the domain wall does not lead
to any qualitative difference either, if it is far away from
the boundaries.

Our numerical results are illustrated in figure 2.
When J' = 0, i.e., frustration is absent, P(t) decays
down to zero very fast, as expected in a disorder free
system. When J’ is finite and J'/J, < 0, following an
initial decay, P(t) remains finite for a long time scale,
t*, which is orders of magnitude larger than the sin-
gle particle tunneling time scale i/J. For instance, for
J' = —0.3J,, L = 12, P(t) oscillates around 0.65 up
to t* ~ 10'2h/J. These results unambiguously demon-
strate that our frustrated model gives rise to a long time
memory of the initial state, a characteristic feature of
quasi-MBL.

Localized eigenstates: The underlying mechanism of
the quasi-MBL can be traced to localized many-body
eigenstates. We find that, for a large enough system,
the Hamiltonian in Eq.(1) has two nearly degenerate
many-body eigenstates, |1o) and |¢1) = Z|vp). When
L — o0, these two states become degenerate and [ig) is
written as

[bo) = alur) + Bol0) + ) B;14), (3)
J#0
where [0) = S:JF%SO_,%WI% lj>0)= S:Jerr%SO_,%WI%
and |j <0) = S:+%S;+j—§|wl> and o = (L +1)/2 de-
notes the center of the chain.

As shown in Fig.3, each term in Eq.(3) contains only
one or three domain walls. When j is positive (neg-
ative), (|j| + 1/2)d denotes the distance of a spin-up
(spin-down) immersed in a “bath” of spin-down(spin-
up), which causes two confined domain walls propagat-
ing towards right (left). For simplicity, we set the lat-
tice space d = 1. Due to a large energy gap (> 4J.)
measured from [¢);), weights of states with even more
domain walls in such eigenstate are negligible, and the
remaining single domain wall is fixed at site L/2 £ 1.
These two eigenstates are localized in the sense that j;
decays exponentially and domain walls are confined in a
small region in the real space. We define a localization
length,

5=Z(|jl+1/2)|5j|2~ (4)

For instance, if J, = J is chosen, & reaches its minimum
(~ 0.1 lattice spacing), when J'/J ~ —0.3, as shown
in Fig. 3. Under this situation, the localized eigenstate
then is well represented by a psuedospin-1/2, 7, com-
posed of |¢r), the initial state of interest, and |0).

Such localization can be understood from an effective
model. Projecting the full Hamiltonian to the subspace
composed by states with at most three domain walls,
we obtain Heg = Hy + Hy, where

Hy = =2J.|¢0) (1| + (J]91) (0] + h.c.) (5)
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FIG. 3. Schematic of the effective model Heg. Dashed lines represent domain walls, and o denotes the origin of the lattice.
The inset shows the properties of the localized eigenstate: the blue(thick) line represents the localization length & and the

black (dashed) line represents the total weight, W, of |¢r)
maximally localized when J' ~ —0.3J, when J, = J.

is a local Hamiltonian. Hy is written as
= (J' (W) (1| + [Yr)(~1] + h.c.)

JZU +1|+J'Z|g

Due to the conservation of the total magnetization in
the z direction, other states with three domain walls
are decoupled. We have verified that Heg could well re-
produce both the localized eigenstates and P(t) of our
chosen initial state [34]. Using Heg, Bj%0 can be ex-
pressed in terms of a and Sy in a closed form [34]. In
particular in the limit where « is much larger than 3;,
Bo = 3 I a is well satisfied, and 8; can be expressed in

a compact form when J? > 4J'J,,

Bj = (Aexp(=|jl/&1) + Bexp(—|jl/&2)) o, (7)

where A and B are constants. Thus, at large dis-
tance, 3; can be well approximated by e 131/€ where
& = max{&1,&}. We can gain further insight from ex-
amining 3;, when j is small,

j+ 2|+ h.e.). (6)

J’! J 9 J’!
51— *60"'2]0‘ <(2Jz) +2Jz>a (8)
J J! J 5 JJ
52—%514‘2JZ§0~<(2J2) +2J22>01 9)

When J2/2J'J, < 0, B2, as well as other 3412, are
suppressed due to destructive interference of multiple
paths that a spin-up (spin-down) could take to tunnel to
a site away from the center of the system. This leads to
the localization of the eigenstate [t¢p). In the extremely
localized limit, |a|? + |Bo|? &~ 1. We thus define another
quantity to characterize the localization,

W = |af® + |Bol* = [(Wo|vr)|* + | (10]0) |7,

which reaches its maximum when the eigenstate is max-
imally localized. |[io) then mainly depends on Hy, as

(10)

and |0) in the eigenstate. Both measures show that [ig) is

its couplings to other states have been quenched in this
frustrated model. If 3y is comparable to «, the above
simple analytical expressions are no longer accurate.
Nevertheless, qualitative results remain unchanged. As
shown in Fig. 3, when J, = J, W reaches its maxi-
mum 0.98, and « = 0.89, 8y = 0.43 when J'/J = —0.3.
Correspondingly, £ is minimized for the same parame-
ters. From the above discussions, we see that the overlap
between the initial state and the localized eigenstate,
[10), is given by [(vo|vr)]|?> = |a|? and thus there ex-
ists a time-independent part in P(t) = |(x(0)[v(2))|?,
[(Wolwr)|[* = |al®. As shown in figure 2, the average val-
ues of plateaus in P(t) are indeed |a|*. Therefore, the
initial state memory is well preserved when « is large.

Lifetime of quasi-MBL: In a finite system, there exists
an exponentially small coupling between [ig) and 1)
such that the eigenstates become |1 ) = %(Wo)i [11))
with corresponding energies e4+. The exponentially
small energy splitting Ae = e, —e_ ~ e /A where )
is a length scale proportional to the localization length
&, sets up t*, the lifetime of quasi-MBL, when P(t) first
becomes vanishing small. In figure 2, we quantify ¢t* by
computing the time when P(t) falls below 0.05. We plot
how t* varies with the system size. Our results suggest
that t* does grow exponentially, a characteristic feature
of quasi-MBL. When ¢ > t*, |¢)1) becomes important in
the quantum dynamics. Whereas we focus on the open
boundary condition here, similar results can be obtained
for periodic boundary conditions [34].

Entanglement Entropy and Out-of-time ordered Cor-
relator: An important signature of MBL and quasi-
MBL that distinguishes them from both single particle
Anderson localization and the ergodic phase is the dy-
namics of the half-chain entanglement entropy [35, 36],
S = —pr Inpr, where the reduced density matrix of the
left(right) half of the chain, p;, = Trr(|1)(¢| is com-
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FIG. 4.

(a) After a fast growth at short times, the entanglement entropy grows logarithmically. The slopes (dashed lines) are

obtained using Eq.(11) with corresponding . The same A = 0.19 has been used for these three curves as these J's are close
to each other. For this figure J' = —0.25J. (b) Density plot of the spin depolarization at site j, 1 — o) when J' = —0.25J
and J, = J. (c)The dynamics of the Out-of-time-ordered correlator, O; (eq.(12) in the main text). The red dots correspond
to O3 and the orange dots correspond to Og. (d) Density plot of 1 — O; at short times, where the logarithmic light cone is

evident. For this figure, J' = —0.25J and J, = J.

puted by tracing over the degrees of freedom of the
right(left) half of the chain. After a fast increase in
a very short time, S grows logarithmically in time till
the entropy saturates due to the finite size of the sys-
tem, unlike single particle Anderson localization, where
the entanglement entropy does not grow at all, or the
ergodic phase, where S has a power-law spreading.

As shown in figure 4(a), the time dependence of S
for our initial state shows the characteristic behavior of
quasi-MBL. In a short time scale ~ h/J, S increases
very fast when [¢r) mixes with |0). After that, S
grows logarithmically slowly due to the localized na-
ture of [t¢)g), the eigenstate of the Hamiltonian having
a large overlap with the initial state, |¢;). This can
be qualitatively understood from tracing the spin de-
polarization [27]. The exponential spatial decay of the
eigenstate |¢p) implies that the spin at a site j > 0
(j < 0) significantly deviates from 1/2 (—1/2) at a time
scale tq ~ toe~l71/¢ where ty set-up by J and J' is in-
dependent of j. Therefore, we define a length scale,
xs ~ &log(t/tg), measured from the center of the spin
chain. At a given time ¢, only the regime, x € [—x¢, 24,
contributes to S, as spins outside this regime are still
fully polarized as the initial state. Thus, S can be writ-
ten as [44],

S~ Aglog(t/to), (11)

where ¢ is the width of the tail of |¢)g) given by Eq.(7)
and A is a numerical factor. As shown in Fig.4(a), we
have used the same A = 0.19 to fit the logarithmic
growth of S for a few different sets of parameters. At
later times, S begins to saturate when the excitations
gradually propagate towards the edge of our system.
Since it is, in general, a grand challenge to measure

entanglement entropy, it was recently suggested that an
appropriate out-of-time ordered (OTO) correlator can
trace the propagation of information in MBL [37]. Such
correlators have been measured in recent experiments
[38, 39]. Furthermore, any OTO correlator decays to
zero for an ergodic system while certain OTO correlators
remain non-zero for very long times in MBL [40-43]. For
our model, we compute an OTO correlator of the form:

Oj:<0'

ol

)0, (005, (007, (1), (12)

Numerical results of OTO correlators are shown in Fig.
4(b). A logarithmic light cone is evident at short times.
This can also be traced back to the logarithmic depen-
dence of tg, the time scale for the spin depolarization,
on the distance to the origin. When the spin at site j
remains fully polarized as that in the initial state, O; is
equal to 1. Only when a depolarization occurs, O begins
to deviate from 1. At long times, different O; saturate
to the same value, similar to OTO correlators in MBL
[40, 41].

Manipulating the qubit: As discussed before, in the lo-
calized regime, i.e., |a|? 4+ |Bo|? ~ 1, and the eigenstate
[1hg) can be well approximated by |0) = a|vr) + £o]0).
Though such a pseudospin-1/2 arises in a many-body
system, it distinguishes from other spins embedded in
a large environment, where decoherence is, in general,
severe. Here, the pseudospin-1/2, 7, comprises only two
localized states and is largely decoupled from the rest of
the system. This is precisely the underlying mechanism
for the long life time and other intriguing properties of
quasi-MBL in our system. These results suggest that we
could further manipulate 7 and implement it as a po-
tential qubit. To this end, we consider a generalization



of the Hamiltonian in Eq.(1),

H/ = Z(‘]ew‘sgsz#l + J,62ZHS;[SZ‘+2 + hC)

+ J.87 571 + (Vi2ST 2 + Viy24157 j211), (13)

where V7, 5 and +V7, /211 are local potentials at the sites
% and %—&— 1 respectively. The phases e’ and e?*? added
to J and .J’, respectively, do not affect the localization
properties and any other previously discussed results.
Meanwhile, the corresponding local Hamiltonian H|, can
be written as

Hy = Algr)(r| + (Je?|9r)(0] + e, (14)

where A = % + (Vi2 = Vij241). Thus, controlling A
and 0 allows one to rotate 7 essentially arbitrarily on
the Bloch sphere such that it may be used as a potential
qubit for quantum information processing.

Ezxperimental realizations: A variety of quantum em-
ulators can be used to realize spin models that would
exhibit quasi-MBL. Several schemes have been proposed
to realize frustrated spin models like the one that we
study in ion-traps [46, 47] or with atoms trapped in
a photonic crystal waveguides [48]. Alternatively, one
could make use of the well established mapping between
spin-1/2 particles and hard core bosons [49]. Our frus-
trated spin model thus maps to a boson model, in which
J and J’ correspond to the nearest and the next near-
est neighbor tunneling, and J, is the nearest neighbor
interaction. In such a bosonic model, kinetic frustra-
tion can be engineered in set-ups involving cold atoms
loaded in driven optical lattices [50-53]. Tilting the op-
tical lattice by an external field, the bare tunneling is
suppressed and Raman lasers induce photo-assisted tun-
neling, the phase of which could be tuned. Whereas cur-
rent experiments have realized Raman dressed nearest
neighbor tunneling, the same technique can be directly
implemented to produce a next nearest neighbor tun-
neling to access a frustrated system. Interestingly, such
frustrated model has been obtained using a momentum
space lattice [54]. It is promising that our results will
be relevant to experiments in the near future.

Summary and Outlook: We have shown the existence
of quasi-MBL in a frustrated 1D spin chain without dis-
order. Localized many-body eigenstates lead to mem-
ory retention for exponentially long times, logarithmic
growth of entanglement entropy and a logarithmic light
cone of an out-of-time-ordered correlator. Furthermore,
we discuss how the localized eigenstates can be poten-
tially manipulated as a qubit. Our work shows that the
interplay of frustration and interaction can give rise to
quasi-MBL in a broad class of disorder free systems.
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MANY-BODY LOCALIZATION WITH PERIODIC BOUNDARY CONDITIONS

In the main text, we studied the dynamics of a frustrated one-dimensional spin chain with open boundary
conditions. We found that the chain exhibited signatures of quasi-many body localization(MBL) when it is initially
prepared in a state with only one domain wall. In this section we study the dynamics of the same chain with
periodic boundary conditions. A schematic of the model is shown in figure 1(a). The Hamiltonian for this model is
given by:

JZ z QZ J J/ JZ z Q7
H=Y" (252. Fo 55}&-+1 + 25}5i+2> + (25le +
<L

J

J/
55}51 +280 8+ S}S2> +he, (1)

2
We find that the periodic chain also exhibits signatures of quasi-MBL when it is prepared in initial state with two
domain walls. This initial state is an analog of the state with one domain wall in the open chain, |¢;). Just as in
the main text, we characterize the memory retention of the initial state by:

P(t) = (ot = 0)lw (1)) (2)

As shown in figure 1(b), the spin chain retains the memory of the initial state for very long times. We can gain
further insight by examining which states are occupied when the memory of the initial state is lost. We find that
when ¢ > t* (t* being the lifetime of the quasi-MBL), other states with two domain walls appear in the dynamics.
In particular, when ¢t ~ t*, states where both domain walls have moved by one site (clockwise or counter-clockwise)
contribute a large weight to the many-body wavefunction. Our results are shown in figure 1(c).

ANALYTIC EXPRESSION FOR THE LOCALIZED EIGENSTATE

In this section, we provide an explicit analytical expression for the localized eigenstate, |1)g). As shown in eq.(3)
in the main text, the localized eigenstate, |1)g) can be written as:

[10) = alyr) + Bol0) + Y Bjld) + .- (3)
J#0
where |17) has one domain wall, while |0) and |j) has three domain walls, and ... represents terms with negligible
weights. In the main text, we have defined an effective Hamiltonian whose Hilbert space only comprises states
with one or three domain walls. As shown in Fig. 2, this effective Hamiltonian can capture both P(t) and the
localized eigenstate very well. For this effective Hamiltonian, we can derive an analytical expression for the localized
eigenstate, [1,) which has the form:

o) = alvr) + Bol0) + > Bili), (4)
J#0

Using the Schrodinger equation, any 3; can be written as:

J J’
Bj = Zﬂj—l + Zﬂj—l, (5)
where A ~ 2.J,. When [ > 1, we solve eq.(5) to obtain an expression for f;:
J/
Bar—1 = Kpll—la + P21, (6)

!

J
Bar = KP21710z + P15, (7)
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FIG. 1. (a) Schematic of the spin-chain with periodic boundary conditions. (b) Memory retention of the initial state for
a 12 site periodic spin-chain: When the system initially has only two domain walls, then for a wide parameter regime the
memory of the initial state (as characterized by P(t) as defined in eq.(2) of the main text) is retained for a long time. For
this figure, we have fixed J' = —0.25J. (c) When the memory of the initial conditions is lost (¢ ~ t*), other states with two
domain walls appear in the dynamics. The blue line shows P(¢) for an initial state with two domain walls. The red line
shows the weight of states where the domain walls have moved by one site either clockwise or counter-clockwise. The black
curve shows the weight of states where both the domain walls have moved by L/2 sites. In the schematic representation of
these states, arrows pointing outward(inward) represent spin-up(spin-down) and the red(thick) lines represent domain walls.
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FIG. 2. (a) Memory retention of the initial state with only one domain wall. For this figure, J' = —0.3J and J, = J.
The blue(thick) line shows the exact dynamics for a 14 site model, while the black(dashed) line shows the dynamics in the
effective model Heg, where the Hilbert space comprises states with only 1 or 3 domain walls. The effective model can capture
the dynamics of the initial state upto long times (b) Overlap of the localized eigenstate in the effective model, [1,) with the
localized eigenstate in the full model, |¢o). For a wide parameter range, this overlap is very close to 1.

These lengthy equations simplify in the limit when (%)2 >4J'/A. In that limit, we obtain:

241 2141
pl =2t "9 (13)
g1 — 92
2042 2142
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Furthermore, when S is well approximated by J/Acq, we obtain:
Bai-1 = Plia, (16)
Bar = P2 (17)
This implies the following simple form for g;:
L
J 20i+1)/2 g1 — g2
(18)

= (Aexp(=j/&1) + Bexp(—j/E2)) o

This is exactly the form of 3; given in eq.(8) of the main text.



