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Abstract – We investigate the membrane aspect of graphene and its impact on the electronic
properties. We show that rippling generates spatially varying electrochemical potential that is
proportional to the square of the local curvature. This is due to the rehybridization eﬀects and
the change in the next-neighbor hopping caused by curvature. We estimate the electrochemicalpotential variation associated with the rippling observed in recent scanning tunneling microscopy
(STM) to be of order 30 meV. Further we show that the charge inhomogeneity in turn stabilizes
ripple formation.
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The rippling tendency [1–3] and the charge inhomogeneity [4] are both among recently revealed real-life aspects
of graphene [5] that go beyond the ideal picture of relativistic Dirac fermions in pristine two-dimensional (2D)
space. The observations of ripples using multiple local
probes [1–3] brought the membrane aspect of graphene to
the foreground. In fact, graphene is the very ﬁrst example
of an electronic membrane that is subject to local probes
and to gating. This oﬀers a new perspective for appreciating physics of membranes in addition to soft matter (especially biological systems) perspective [6]. The observations
of electron-hole puddles in graphene using scanning singleelectron transistor (SET) [4] oﬀers an important clue as
to what is limiting the transport properties of graphene.
Clearly understanding the cause of such charge inhomogeneity is essential for the needed quality control towards
device applications. Moreover, understanding the interplay between the membrane aspect and electric aspect
is timely as experimentalists are beginning to exploit the
membrane aspect [7,8].
In this letter, we establish the one-to-one connection
between two aspects of graphene: the local curvature,
which is a membrane aspect, and the local electrochemical potential, an electronic aspect. We build an eﬀective
theory based on microscopic calculations and ﬁnd the
corrugations to generate inhomogeneous electrochemical
potential directly on the graphene membrane. Speciﬁcally,
(a) E-mail:
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we discuss two mechanisms for curvature to cause an
electrochemical-potential variation: a) by inducing rehybridization between nearest neighbors, b) by aﬀecting
the next-to-nearest–neighbor (n.n.n.) hopping integral t .
Hence we identify corrugations as a cause of charge inhomogeneity, in addition to remote charged impurities in the
substrate previously discussed in refs. [9,10]. In order to
make our predictions quantitative, we calculate a map of
electrochemical potential corresponding to a model solution for a ripple conﬁguration with all model parameters
extracted from a recent STM measurements [3].
Elastic free energy and local mean curvature.
– We are ultimately interested in quantitatively modeling a ripple conﬁguration and calculating local curvature
distribution. For this, we need a framework for modeling
a membrane conﬁguration. A good starting point is the
parametrization-independent bending free energy describing a free, almost ﬂat membrane in the thermodynamic
limit [11]:



1
√
2
(1)
Ebending = ds1 ds2 g γ + κ(2H) + κ̄K ,
2
where (s1 , s2 ) are intrinsic coordinates, g is the determinant of the metric, H and K are, respectively, the
mean and the Gaussian curvature at the given point.
If R1 and R2 are the local principle radii of curvature
H = (R1−1 + R2−1 )/2 and K = (R1 R2 )−1 . In eq. (1), the
tension γ, the bending rigidity κ, and the Gaussian rigidity
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Fig. 1: Graphene as an electronic membrane. (a) The reference r-plane is shown as a dashed line. The height of the
curved graphene surface and the substrate surface measured
from this plane, are denoted by h(r) and s(r), respectively.
(b) The π-σ rehybridization due to the curvature which results
in local electrochemical-potential variation. (c) The curvaturedependent hopping integral which depends on the overlap
N̂ (r) · N̂ (r + ui ) introduces a local “vector potential”.

Curvature eﬀects on electronic structure. – The
eﬀect of the ﬁnite curvature on the band structure can be
understood within the Slater-Koster prescription. There
are two main eﬀects: a) the π-σ rehybridization between
nearest neighbors shifts the π-orbital energy, resulting in
an eﬀective electrochemical-potential variation; (b) the
change in the nearest-neighbor hopping integral introduces
eﬀective “vector potential”. The eﬀect (a) leads to one-toone correspondence between mean curvature and charge
inhomogeneity: the main result of this letter.
The low-energy eﬀective
√ Hamiltonian in the vicinity of
 = (4π/3 3a, 0) can be written as [5]
a Dirac point K

 



− µ + Φ(r) + U (r) Ψ(r),
H = drΨ† (r) σ · ivF ∇ + A(r)
(3)

κ̄ are parameters characterizing a given membrane.
κ ≈ 1 eV has been measured recently in graphene electromechanical resonators [7] in agreement with microscopic
calculations [12,13]. While γ and κ̄ are not known directly
from measurements, we ﬁnd that the relevant length scale
associated with γ can be extracted from recent STM
measurements [3].
Application of eq. (1) to graphene depends on the
graphene setup of interest. The crumpling possibility,
which was ﬁrst noted in ref. [1] comes out of studying
the free energy eq. (1) in the tensionless γ = 0 limit [6].
However eq. (1) as is, only applies to membranes ﬂoating in
solution, without external symmetry-breaking ﬁeld to set
the coordinates. When graphene is held in place either by a
substrate or by a scaﬀold, we need to add a potential V to
eq. (1). The ﬁxation represented by the potential V breaks
translational symmetry in the direction perpendicular to
the device plane and also provides a natural parametrization: a Mongé representation (x, y, h(r)) for the membrane
conﬁguration approximately parallel to the (x, y)-plane
(see ﬁg. 1). The potential V (h, s) includes eﬀects of external pressure, an attraction to the support such as Van
der Waals attraction, and a repulsive force, where s(r) is
the height of the substrate. Following ref. [14], we expand
V (h, s) to second-order assuming the attraction is local.
The resulting free energy is

 
1
1
1
2
2 2
2
F[h]= dr γ + γ(∇h) + κ(∇ h) + v(h − h0 − s) ,
2
2
2
(2)
where v = ∂ 2 V (h0 , s)/∂h2 for equilibrium conﬁguration
h0 . Notice the term proportional to κ is the mean curvature H term of eq. (1) expressed in the chosen parametrization and we ignored the Gaussian curvature term.
Since the Gaussian curvature term is a total derivative, it
can be ignored for a membrane with ﬁxed topology according to Gauss-Bonnet theorem. (This is not to mean that
the value of the integral will be zero. Rather, the focus of
this work is local ﬂuctuations that do not change the global
topology, for which the integral remains constant [15].)

where vF ≡ 3ta/2 for the bare nearest-neighbor hopping
integral t = 2.7 eV and nearest-neighbor distance
a = 2.5 Å, σ = (σx , σy ) are Pauli matrices in the sublattice

basis. A(r)
and Φ(r) are the curvature-induced “vector
potential” and the electrochemical potential of our
interest. U (r) is the charged impurity potential outside
the scope of this letter. (The eﬀect of U (r) depends on
the impurity strength and the screening [9,10], which are
not known from ﬁrst principles.)
The curvature-induced rehybridization between nearest
neighbors shifts the π level energy and contributes to
Φ(r). The rehybridization couples the π-orbitals to the
σ-bonds and antibonds, and to the 3s-orbitals at the
higher energy ∗s (see ﬁg. 1(b)). We calculate this shift δπ
through the standard second-order perturbation theory.
In the standard notation [16] these matrix elements for
each of these two types of perturbation can be expressed
2
2
+ Vppσ
) and Vs∗ pσ . It is then straightforward
as 12 (Vspσ
calculate δπ (see footnote 1 ):

Vs2∗ pσ
1
1 2
1
2
(Vspσ + Vppσ
δπ =
)
+
.
+
2
π − b π − a
π − ∗s
(4)
For graphene, the relevant energies can be found in
ref. [16]: Vspσ = 1.43 eV, Vppσ = 7.13 eV, π = −11.07 eV,
b = −24.34 eV, a = −3.34 eV and Vs2∗ pσ /(π − ∗s ) =
−1.01 eV. This gives δπ = −3.23 eV.
Another contribution to Φ(r) comes from meancurvature eﬀects on the next-to-nearest–neighbor
hopping integral t ≈ 0.1 eV [17], which eﬀectively
generates the local electrochemical potential of 3t .
Hence, curvature-induced variations δt lead to local
changes in the chemical potential2 . Such contribution

 i ) = 6  δt (δ)e−iδ·K
Φ(r) can be written as: Φnnn (R
,
i
δ



2

where δti = (−t /3 + Vppσ /2)[(δ · ∇)∇h] with Vppσ ≈
+1.4 eV [18] and δ are the next nearest-neighbor vectors.
(An idea related to this eﬀect was discussed in ref. [19].)
1 We
2 We
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The combined eﬀect of rehybridization and next-tonearest-neighbor hopping is
Φ(r) = −α

3a2 2 2
(∇ h) ,
4

(5)


/2 + |δπ | ≈ 9.23 eV. Together with
where α = −3t + 9Vppσ
the elastic free energy of the membrane, eq. (2), and the
eﬀective electronic Hamiltonian, eq. (3), eq. (5) deﬁnes
a coupled problem between curvature and fermion bilinears. In particular, it shows the direct connection between
the local mean curvature ∇2 h and the local electrochemical potential Φ(r) that couples to the charge density. The
spatially varying Φ(r) resulting from local curvature will
oﬀ-set the charge neutrality point from the average chemical potential µ0 . More speciﬁcally, a ﬂatter region with
|∇2 h| < 1/Rc will be locally hole doped while a bumpier
region with |∇2 h| > 1/Rc will be locally electron doped
with a critical length scale Rc /a = 3α/4µ0 . In turn, the
spatially varying charge density n(r) enhances the rippling
tendency by renormalizing the bending rigidity

3
κ(r) = κ0 − α a2 n(r).
4

(6)

For completeness, we express the eﬀective “vector
 due to the mean-curvature–driven change
potential” A
in the nearest-neighbor hopping integral. Misalignment
of the angle θ between neighboring π-orbitals in the
presence of local curvature aﬀects the hopping integral
Vppπ (= t) between neighboring π-orbitals and it becomes
(Vppπ cos2 θ − 32 Vppσ sin2 θ) ≈ Vppπ − (Vppπ + 32 Vppσ )θ2 and
θ2 ∼ ((uj · ∇)∇h)2 (see ﬁg. 1(c)). The resulting “vector
potential” is
 ππ

((uj · ∇)∇h)2 eiuj ·K
(7)
Ax (r) + iAy (r) = −
2
j
with ππ = Vppπ /3 + Vppσ /2 = 2.89 eV (See ref. [16] for the
deﬁnition of parameters).
√ Here ui ’s are three
√ nearestneighbor vectors u1 = a( 3/2, 1/2), u2 = a(− 3/2, 1/2),
2
u3 = a(0, −1), and hence Ax = −ππ 3a8 [(∂x2 h)2 − (∂y2 h)2 ],
2

2
Ay = ππ 3a4 [∂x,y
h(∂x2 h + ∂y2 h)]. Mechanisms for eﬀective
“gauge ﬁeld” generation has been discussed earlier in
refs. [20–22] and more recently (after submission of this
paper) in [19,23–25]. These ﬁctitious gauge ﬁelds [20] are
known to lead to anomalies in the density of states [26]
and to suppression of weak localization [21,22].
We note in passing that while the curvature can induce
electron-electron interaction and electron self-energy
corrections, which can be understood via standard
perturbation theory starting from the bilinear coupling
in eq. (3), these are eﬀects of higher order (fourth order)
in the weak long-wavelength variation of the curvature
for a nearly ﬂat membrane. Another sub-leading eﬀect
of mean curvature is through the “vector potential”
 [21]. Since the “ﬁeld” ∇ × A
 reverses its direction
A


at the other Dirac point K , in the presence of valley

degeneracy, the lowest-order eﬀect on fermion properties
 is also of the fourth order
of the curvature through A
in curvature [22]. In the presence of topological defects,
the Gaussian curvature can have more direct consequence
in introducing the eﬀective random gauge ﬁeld [15].
However, this is outside the focus of the present paper.
Ripple solutions with experimental input. – In
order to estimate the curvature-induced electrochemical potential in the observed ripple conﬁgurations, we
ﬁrst solve for the ripple conﬁguration h(r) which minimizes the free energy, eq. (2), as a function of material
parameters γ and κ. In principle, the coupled problem
deﬁned by eqs. (2), (3) and (5) should be solved selfconsistently. However, when the thermal ﬂuctuation of the
membrane is weak, such mean-ﬁeld theory treatment of
the membrane allows tractable analytic progress [14]. The
Euler-Lagrange equation for minimizing the free energy,
eq. (2), is
(κ∇4 − γ∇2 + v)δh(r) = vs(r),

(8)

where δh ≡ h(r) − h0 . Equation (8) deﬁnes two relevant
length scales: ξκ ≡ (κ/v)1/4 and ξ ≡ (κ/γ)1/2 . ξκ determines how closely the membrane follows the external
potential and ξ determines the spatial extent of the curvature variation.
The relevant length scales ξκ ≡ (κ/v)1/4 and
ξ ≡ (κ/γ)1/2 can be in fact estimated from the data
analysis of recent experiments [2,3], while it is hard
to measure the individual parameters of eq. (8). In
particular, Ishigami et al. reported [3] the graphene
height variation under ultrahigh vacuum condition to
range over ∆hmax ∼ ±0.5 nm around the average height
of h̄ ∼ 0.4 nm with a standard deviation of δh ∼ 0.19 nm.
They further analyzed the height-height correlation
function to ﬁnd the roughness exponent to be 2H ∼ 1,
which is close to that of the SiO2 substrate. They also ﬁnd
the roll-over length scale (the length scale at which the
correlation rolls over to a saturated behavior) to be larger
(∼ 32 nm) for graphene than for SiO2 (∼ 23 nm). This
analysis suggests that graphene is following the substrate
potential in a coarse-grained and smooth manner. We
construct a model description with adjustable length
scales for a graphene membrane on a random supporting
potential. We then determine the length scales guided by
the observations of ref. [3]. From this model we calculate
the associated electrochemical-potential variation which
can be compared with future measurements.
We model the graphene conﬁguration by investigating
the solution of eq. (8) for a piecewise constant potential.
As a speciﬁc example, we considered a pillar of radius
R, height l (i.e. s(r) = l for ρ  R and s(r) = 0 for
r > R) and a pit of radius R and depth l (s(r) = −l
for r  R and s(r) = 0 for r > R). We chose l = 0.5 nm,
l = 9.2 nm, R = 1 nm to generate a single-ripple conﬁguration with a height variation range of ∆hmax ∼ ±0.5 nm
extending over a ∆r ∼ 10 nm radius (see ﬁg. 2) as
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Fig. 2: Conﬁgurations for ripples due to (a), (b) a pillar of
height l = 0.5 nm and (c), (d) a pit of depth l = 9.2 nm, both
cases with radius R = 1 nm. The membrane conﬁgurations h(r)
in (a) and (c) are solutions of eq. (8) for ξ = 1.3 nm and
ξκ = 2 nm. The corresponding electrochemical potential V (r)
are shown in (b) and (d) as a function of r.

observed in refs. [1–3] for ξ = 1.3 nm and ξκ = 2 nm.
The speciﬁc values of ξ and ξκ were determined based
on the observed values of δh, the roughness saturation
scale and the extent of the ripple ∆r. Figure 2 shows
the conﬁguration of a single ripple as a solution to
eq. (8) for such potential and the corresponding electrochemical potential, eq. (5). The main feature is that,
despite the abrupt nature of the supporting potential,
the membrane shows an extended ripple conﬁguration.
Meanwhile, the electrochemical-potential variation associated with the curvature has a shorter range, determined
by ξκ . The solution is qualitatively similar for diﬀerent
piecewise constant supporting potentials.
In terms of the above individual ripple solution, we
model the membrane conﬁguration as supported by
randomly placed pillars. In this process, the average
distance between the supporting centers is determined
based on the observation of a 20 nm saturation scale for
the height correlation of the SiO2 substrate. Figure 3(a)
shows such model conﬁguration. Figure 3(b) shows the
histogram of the graphene height distribution. The standard deviation for the distribution is δh = 0.22 nm, close
to the value observed in refs. [2,3], and the maximum
deviation from the average height is ∆max h ≈ ±0.5 nm.
This histogram shows that our model conﬁguration
captures the height distribution reported in refs. [2,3].
We show the contour plot of the height distribution in
ﬁg. 3(c) and calculated the electrochemical potential in
ﬁg. 3(d). The last two ﬁgures show that both hills and
valleys of graphene correspond to regions of negative
electrochemical potential.
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Fig. 3: A graphene sheet of size 30 nm × 30 nm, laid on top
of a random supporting potential. (a) The model graphene
structure showing rippling via spatial ﬂuctuation in the height
h(x, y). (b) Histogram showing the distribution of the graphene
height (nm). (c) Contour plots for the local height variation
h(x, y) and (d) the local electrochemical-potential variation
V (x, y).

aspect of graphene, which is a unique example of an
electronic membrane. We ﬁnd one-to-one correspondence
between the local mean curvature and the electrochemical potential. The spatial variation of the mean curvature
in the presence of rippling, generates an electrochemicalpotential variation on the graphene sheet itself through the
π-σ rehybridization and locally breaks the particle-hole
symmetry. Furthermore, charge inhomogeneity in turn
stabilizes rippling by renormalizing the bending rigidity
of the membrane. We presented a low-energy eﬀective
theory based on microscopic considerations. We further
constructed a model conﬁguration guided by experimentally observed length scales and found that the observed
scale of ripple conﬁguration generates an electrochemicalpotential ﬂuctuation of the order of ±30 meV.
Our calculation suggests that rippling can play a significant role in driving the charge inhomogeneity, given that
this chemical-potential variation is occurring directly on
the graphene sheet itself. Through our simple modeling,
we demonstrated how to construct a model conﬁguration
based on experimentally observable quantities. Our eﬀective theory can be used for more detailed modeling based
on detailed understanding of the supporting potential for
the characterization and design of graphene-based electronic elements. We predict that a better control over
irregular corrugations will improve the transport properties of graphene greatly. At present, the technology for
stabilizing perfectly ﬂat graphene is not available. One
Concluding remarks. – We investigated the inter- possibility is to epitaxially grow monolayer graphene in
play between the membrane aspect and the electronic a controlled manner. While the current growth technique
57007-p4
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only yields a few layer of graphene with the bottom layer
forming the dominant channel for transport [27], likely the
status will improve in a near future.
After submission of this paper, there have been more
theoretical studies on the eﬀect of rippling focusing on the
eﬀective gauge ﬁeld aspect [19,23–25].
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